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Switzerland
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Abstract. For a simple Einstein-Yang-Mills-Higgs model, we study properties of the
extreme wormhole solutions. As shown in a recent paper, the values of all fields at the
boundary of the hole must satisfy a system of differential equations. We find solutions
to this system in a number of cases, among others a non-abelian family similar to the
't Hooft-Polyakov monopole. We also prove that all solutions must be axisymmetric, and
conjecture that the set of solutions which we have found is already complete.

1. Introduction

In a recent paper (Hajicek 1982, hereafter denoted by I), we have derived a system
of differential equations which must be satisfied by the boundary values of the metric,
Yang-Mills potentials and Higgs scalar at the internal infinity of a wormhole. We
have assumed that the wormhole is a static and smooth solution to an Einstein~Yang-
Mills-Higgs system of a very general type: we admitted an arbitrary gauge group %,
an arbitrary representation for the Higgs field and an arbitrary Higgs notential. For
a broad class of potentials, as well as for each Higgs vacuum of any potential, we
have shown that all solutions must be abelian.

The purpose of the present paper is to study the properties of solutions to the
equations mentioned above, if the potential does not belong to the ‘abelian’ class. In
particular, we want to show that there are then non-abelian solutions. We restrict
ourselves to the most simple model possible to simplify the equations.

The model we choose is defined as follows. The gauge group ¥ is SU(2), the Higgs
field Q is in the adjoint representation of ¥, the quadratic forms introduced in I are
given by

(,)g=—(2e)7'()5 ()a==3(,)5
and the potential function V(Q) reads
V(Q)=3k[(Q, Q) ~F°F,

where k and F are positive constants (with k =0 or F =0, V(Q) belongs to the
‘abelian’ class of theorem 2 in I).
We choose the following basis for the Lie algebra su(2) of SU(2):

(Ta)bc — eabc.
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1192 P Hajicek
Then
[T, T°)=(T")oT =T,
and, for any X, Y esu(2), we have: if X =X“T* and Y°T", then
X, V) =-2x°Y"
One can therefore write
Gl =9 Wi -3, Wi +e™WiW;, (D.Q)" =3,Q° +e™W,.Q",
(aV/3Q)* =3k(Q"°Q" ~FHQ", w(Q1,Q2) =€’ Q1Q5.

Then, the complete system of equations for the boundary values of the fields (the
so-called O-order structure), as given by equations (48)—(54) in I, can be written in
the following form:

1/G*=vy*(E°E®/e*+B"B®/e* -2V ~A/y), (1)
R =2y*E°E°/e’+B°B%/e*+g"?(DaQ)*(DsQ)* +2V +A/Y?), (2)
E°E°/e*+B°B®/e*~2V = constant, (3)
(DAQ)"(DsQ)* = gang“" (DxQ)*(DLQ)", (4)
(DAE)* =0, e*“E"Q° =0, (5)
(e*®/Vg)(DsB)" +e’g*P*Q* (DpQ)" =0, (6)
(1/Ve)(Da(Veg*®DsQ))* -3k (Q"Q" ~F)Q*" =0. 7)

Here, the notation is taken over from I. The only difference is that we leave out the
symbol ‘limy.o’ and understand tacitly that all fields take on their boundary values.

The plan of the paper is as follows. In § 2, we solve the equations (1)—(7) assuming
that the electric field E® does not everywhere vanish. It seems to be a particular
property of just SU(2) that there are only abelian solutions in this case. Indeed,
already the group SU(3) looks more promising, because it contains for example the
subgroup U(1) xSU(2). Equations (5) can then be satisfied by taking a generator of
U(1) for F, all other fields being u(1) xsu(2)-algebra valued so that they commute
with E. This suggests that more-dimensional groups will lead to a larger number of
different soliton solutions. We shall study this question elsewhere.

In § 3, we describe the promised non-abelian solution. It can exist only if the
parameters in the Lagrangian satisfy certain conditions, in particular, the ‘vacuum’
value of the Higgs field is of the order of the Planck mass. The solution is spherically
symmetric and satisfies the 't Hooft ansatz. If there is a reasonable global solution
with this boundary value, then it can be something like the gravitating 't Hooft-
Polyakov monopole with an extreme black hole in the middle. We also show that all
spherically symmetric solutions to the equations (1)-(7) are exhausted by the spherical
abelian solutions given by theorem 2 in I and our non-abelian solution.

In § 4, we prove that any analytic solution to equations (1)-(7) must be axially
symmetric. Extended calculations which we performed in studying the system (1)-(7)
for axially symmetric fields on topologically spherical manifolds (but which we are
not going to publish here) suggest the following conjecture.

Conjecture. All solutions to the system (1)-(7) consist of the abelian solutions given
by theorem 2 in I and the non-abelian solution given in § 3 of the present paper.
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2. The case of non-vanishing electric field

In this section, we assume that
E°E®#0.
Then the whole system (1)—(7) is easily solvable. Let us choose a gauge on H such that
E®=%n",
where € is a function in H and
n®=(1,0,0).
Then the longitudinal part of the first equation (5) gives
& = constant, (8)
whereas the transversal part is equivalent to
Wa=Wan* 9)
with W, being a covariant vector field in H. The second equation (5) means that
Q% =¢gn* (10)

where ¢ is a function in H.
Equation (9) and the definition of B (see I, equation (17)) imply

B%=%n", (11)
where

B = (1/Vg)(3: W3~ 033 Wa). (12)
Now, equation (6) is equivalent to

% = constant, (13)
whereas (7) becomes

(1/Vg)9a(Veg"?85q) ~3k (q* ~ F)q =0. (14)

Equation (14) is the only non-trivial remainder from the Yang-Mills—Higgs part of
the system (1)-(7). We can simplify it further using the Einstein equation (3): with
(8) and (13), it yields

q = constant. (15)
Then (4) is satisfied and (14) is equivalent to
(@*—-F*q=0.

Thus, we have one of the two possible Higgs vacuums; this leads immediately to the
solutions described in I. We must only set in theorem 2
éz = 0, X = X1, w=0

and set

2v*V =0, q=F,
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for the true vacuum and

2v*V =5ky*F*, q=0

for the false one.

3. The case of vanishing electric field: the non-abelian solution

In this section, we assume that

E°E® =0.
By that, equations (5) are both satisfied and we have no restriction on W4 and Q“
like (9) and (10).

Of course, there will be the solutions of theorem 2 in I: if Q°Q° = F? and Q°Q° = 0.
Next, we show that any solution must satisfy

0<Q°Q°<F? (16)
on the whole of H. For assume that
Q°Q*>F? (17)

at some point, p say, of H. Then there is an open subset H, of H such that (17)
holds in H, and Q°Q* = F? at 8H, (3H, can be empty). Clearly, we have at aH,

v*94(Q°Q°) =<0,
where v_A is an external unit normal vector to dH,. If we now multiply equation (7)

by Q“Vg and integrate over Ho, we obtain

—j dx Vllk(Q°Q° ~ F)Q'Q" +g** (DAQ)" (D5Q)°]
Hy

+¢ dsv*Q*(DAQ)* =0. (18)

aH
However,

vAQ4DAQ)" = v*304(Q°Q%) =<0
and (18) can hold only if

34(Q°Q%)=0
at 9H, and

Q°Q° =F?, (DAQ)* =0,

on Hy; this is the desired contradiction.

Any new solution has therefore the property that it satisfies (16) and Q°Q° =0,
F? only at isolated points. Let us look for such solutions.

We choose the gauge on H such that

Q% =gqn”, n®=(1,0,0), (19)
and split W34 into longitudinal and transversal components

W =Wan®+US4, Ui =6 —nn)wh. (20)
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The remaining gauge freedom is represented by the transformations

Wiy =Watxa, 1)
U'ﬁ=Uﬁcosx+Ui\sinx, UL;"=—U,zqsinx+U,34cosx;
thus, we have an ‘electromagnetic’ potential Wy, and a ‘charged vector’ field, Uy =
U% +iU%, on the manifold H.
Using the gauge (19) and the splitting (20), we have

(DAQ)*(D5Q)" = (049)(389) +q U AU B, €°Q"(DAQ) =q°U4.

The Einstein equations (1)-(4) become
1/G*=y*B"B*/e* -2V (q)-A/Y?), (22)
R>=2v*(B°B®/e?*+g" (9xkq)(919) +q*U*+2V + A/¥?), (23)
B°B®/e’ =2V (q) = constant, (24)
(0aq)(06q) +q UaU% =128as (g (0xq)(8:9) +q°U?), (25)

where

U*=gtUuiUt
is a gauge- and coordinate-invariant quantity. Equation (6) yields
(DaB)* =e’q*Vgeang"Ur. (26)

Written out, this reads as follows:

3aB'+ULB*~U%B*=0, (27)
3aB’+ULB'— WaB* = ¢%q*Vgeapg U, (28)
3aB>+ WiB* -~ ULB" = e2q*Vqeang *U . (29)
The definition of the magnetic field (see I, equation (17)) is
B'=(1/Ng)(3:Ws—a;W,+ UU3 - UIU?), (30)
B?=(1/Vg)0.U3 - 6;U3 + W5U3 —~ W,U3), (31)
B*=(1/Vg)(6,U3 —85U3 + WaU?% — W, U2, (32)
Finally, the scalar equation (7) reads:
(1/V8)34(Vgg P 3sq) — 3qU* + 3k (F*~q%)q =0, (33)
q(1/Vg)oa(Veg*PUs) +g*® (U daq + U apq) —ag " Wae U’ =0, (34)

where € is the usual antisymmetric symbol in two dimensions, a, b =2, 3.

We are not able to solve the nonlinear elliptic system of equations (22)-(25) and
{27)-(33) completely. We can, however, find the desired non-abelian solution, and
show that any solution must be axisymmetric (next section).

Theorem 1. Assume that g = constant, 0<q <F, on H. Then, the system (22)-(25)
and (27)-(33) has a regular solution only if

(yF)* >3 (35)
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and, distinguishing the following three cases, if

4y*A/k =;-[(yF) —3], (36)
%s<vq>2<<yF) , (37)
for k = 4e? (case (1)),
2 4 2A 2 4 2
LY 3P s77<%——£—[<yF>2—%]2, (38)
o L [k g€’ oo o 4YIA\]
(0 =3+ [ o (S -ToFP -1 -22)] (39)
for k <4e? (case (ii)), and
2 4 2
%{——i[w) _peirA k <%—[<7F>2—%]2, (40)
2_1 k e 3 12 ﬂ 172 ‘
{vq) —5+[m(—?+[(}’1’) -3+ A )] , (41)

for k >4e? (case (iii)). The solution is then spherically symmetric with radius 7o, and
in a suitable gauge and the spherical coordinates 6, ¢, is given by

(v/ro)* =3k (vF)* +5(4e* ~ k) (yq)* +¥*A, (42)
(v/G) =e*(yq)* =ik [(YF)* = (vq)’ T = ¥*A, (43)
W,=U3}=U;j =0, (44)
Wi =xcos 6, U3 =%r0[k(F2—q2)]1/2, Uy ==+U3sing. (45)

Comment. Figures 1, 2 and 3 illustrate the inequalities (38), (36) and (40).

In case (i), the solution depends on one free parameter, namely the value of ¢
within the limits (37). The lower limit corresponds to G =, the upper one to the
abelian solution with g =F. As g increases, the scalar energy density at the horizon,

€2/ 2y)(yF)’ - (vq)’T,
ellk1
k=114

142 +elfk
(yF)?

Ly2A Ik

Figure 1. For k <4e?, the non-abelian solution exists only if the coupling constants lie
in the shaded region.
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S

Figure 2. For k = 4e2, the non-abelian solution exists only if the coupling constants lie
in the curve indicated.

it T
; | !

k-1 112 1U2elk (yF)?

LAk

Figure 3. For k >4e?, the non-abelian solution exists only if the coupling constants lie
in the shaded region.

decreases from (e>/2y*)[(yF)*—31) to zero, whereas the Yang-Mills energy density,

€*/2v%(vq)",

increases from e’/8y* to (e?/2y*)(yF)*. Their sum is not constant; the geometry
changes through the quantity G, the radius r, of the hole does not depend on (yq)~.

In cases (ii) and (iii), the solution does not contain any free parameter—it is
completely determined by the values of the coupling constants v, e, k, F, A. In case
(i1), the lower limit (38) for 472A/k corresponds to the abelian solution with g = F,
the upper one to G = . In case (iii), exactly the opposite is true for (40).

One can change the gauge in such a way that the transformed Yang-Mills potentials
and the scalar at H satisfy the 't Hooft ansatz (van Nieuwenhuizen et al 1976).
Clearly, we must rotate first around the 1-axis in the internal space, separately on
the north and south hemisphere, to regularise the field at the poles, and then, again
separately, one has to rotate Q° into the ‘radial’ direction. The calculation is straight-
forward, so we skip it.

Proof of theorem 1. We can always choose the gauge such that B>=0. Let us multiply
equation (26) by B“; we obtain

3a(B°B°) =2¢%q*B*Vqeang " U>. (46)
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Taking gradients of both sides of (24), we have from (46)

6ad =—(2/k)[q*/(F*-q*)1B*Vgeang "U. (47)
We show easily that

B’=0. (48)

Assume, to the contrary, that B*#0. Then, (47) implies U%=0,A=23. Setting
this in equation (25), we obtain

U%U% = %gABU2-
This equation can be satisfied with a non-degenerate metric gag only, if Ui=0,A=

2, 3. However, equation (32) implies, for U4 = U2 =0, B> =0, and this is the desired
contradiction.

From g =constant and equations (33), (24) and (22), (23), it follows that (H, gag)
is a two-dimensional space of constant curvature. Indeed, (33) and (24) yield
B°B“ = constant
and
U?=3k(F? —qz) = constant,
so that from (22)
1/G* = constant
and from (23)
R =2y’[3kq*(F*—q*)+B°B%/e*+2V + A/y’]= constant. (49)

If R >0, the topology is spherical and we have a spherically symmetric geometry; if
R =0, the topology is toroidal and the geometry is locally plane symmetric; R =
constant <0 cannot be realised on a compact manifold H. Consider first the spherical
case. Choose the spherical coordinates 6, ¢ with

ds®=r5 d6*+r3sin’ @ de?,

and rotate U3 by a gauge transformation (21) so that

Uj =0, U3 >0. (50)
(The gauge condition B*=0is empty because of (48).) Then (25) reads
U3U; =0, (U3 =ikr3(F*-q°),

(U3)*+(U3)? = ikrs sin® 8 (F*—g?).

This together with (50) is equivalent to the last two equations of (44) and (45).
Now, (31) and (32) imply the first equations of (44) and (45). With (44) and (453),
equations (33) and (34) are identically satisfied, and (28) and (29) yield

B'= ?ezqz. &3]
Now, (27) is identically satisfied, whereas (30) is equivalent to

(v/ro)* =4[k (vF)* + (4e” = k)(vq)*]. (52)
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From (48) and (51),
BaBa/e2 = 32q4,

and the remaining equations, namely (22) and (23), imply (43) and (42). Equations
(42) and (52) are compatible only if

(4e” ~k)(yq)* = (4e ~k)(vq)* +k[(vF)* — (vyF)*] +4y°A =0. (53)
The roots of this equation must satisfy the following additional conditions:

0<(vq)*<(yF)* (54)
(assumption of theorem 1) and

(e’ —k)(ya)* +2k (YF)*(vq)* —k(yF)* ~4y*A =0 (55)

(reality of G and (43)). The last inequality can be brought to a more convenient
form by adding the equality (53) to it. This yields

[2(vq)? = 1)}{4e>(yq)* + k[(vF)* - (vq)*]} = 0.

The second factor is always non-negative because of (54), so we have, equivalently
to (55):

(vq)* =3, (56)

and the scalar field is always of the order of the Planck mass.
We consider the following sub-cases: (i) k = 4e?, (ii) k <4e?, (iii) k >4e?,
(i) k =4e?

Equation (53) leads to

(YF)i=3£G—4yA/k)"2 (57)

The inequalities (54) and (56) exclude (yF)2. In order that (yF)i is positive, we must
have

dvy*A/k <}

However, the equality would allow no solution to (54) and (56).

Thus, in order to have a solution, A is uniquely given by means of v, F, and &:
solving equation (57) yields (36), and F must satisfy (35). g is arbitrary within the
limits (54) and (56); using (57) we obtain (37).

(il) k <4e’

From the roots of equation (53), the inequality (56) leaves only (39). The reality of
(yq)* is equivalent to

4y’AJk <e’/k —[(vF)* -3T, (58)
and (54) yields (using the fact that (yF)*>1)
4y’ AJk >e’ [k —(4e*/k)(vF)* - 3% (59)

As 4¢?/k >1 in this case, the inequalities (52) and (53) have a solution, except for
(yF)* =3, and are equivalent to (38).
(iil) k >4e?
Again we have only (41), but instead of (58) and (59), we obtain
4y’Alk =e’/k —[(yF)* =37 (60)
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and
4y Ak <e?/k —(4e?/k)(vF)* =11 (61)

(60) and (61) are compatible except for (‘yF)2 =3, and are equivalent to (40).
Next, consider R =0, the toroidal topology and the locally plane symmetric
geometry. In the most general case, the torus has the metric

ds?=r} d¢>+r} de’~2rir; cos @ d6 de, (62)
where

0<6<2m, O=s¢ <2,
are periodical coordinates and ry, r;, @ are parameters,

r >0, r;>0, O<a<m.

Using the gauge (50) again, we urrive at

U =ik (F*~g*]"?, Us =0, (63)
U3 = —ry(cos a B3k (F* - %12, (64)
U3 = ry(sin a)3k (F*~g»)]". (65)

Equations (31) and (32) now imply
Wo=W;=0. (66)

With (62)-(66), equations (33) and (34) are identically satisfied, whereas (28) and
(29) are equivalent to

B'= ?ezqz.
Then (27) is identically satisfied, but {(30) becomes
e’q’ = -k (F*-q)7T,

which is impossible. Thus, there are no toroidal solutions.

4. The case of vanishing electric field: axial symmetry
In this section, we show the following theorem.

Theorem 2. Any analytic solution to the system (22)~(25) and (29)—(33) is axially
symmetric.

Proof. Let us consider a point p € H, where
daq #0, q#0, qg#F.

We call such points ‘generic’. There is a whole neighbourhood, N say, of p, every

point of which is generic. Then, g can be chosen as a coordinate in N, for example
x*=gq. We can also require in N that

g23=0 (67)



Wormhole solutions in Einstein-Yang-Mills-Higgs system: Il 1201

and introduce the abbreviation

g22=1(82)%, g33=1(83)" (68)
where g, and g3 are some positive functions in N. There remains the freedom

X3 =f(x ;3)

with f an arbitrary function W1th non-vanishing gradient in N.
Choose the gauge with B>=0. Then equation (47) implies that B*#0in N. Using
(67) and (68) in (47), we obtain

U3z =0, U3 #0. (69)

Equation (25) then becomes
U3 =3g2)2(U? = (g29)72), (70)

UiU3 =0, (71

U3+ (U3 =2 (U + (g24) ). (72)
Equation (71) admits two solutions

U3 =0 in N (73)
or

U3 =0 in N. (74)

We show that the solution (73) leads to a contradiction with the rest of the equations.
From (73) and (69), we have

U2=

This is a gauge-invariant statement (see (21)); in particular, the following equation
for a gauge- and coordinate-invariant quantity follows from it:

ANUIUL -U3UY) =0, (75)

and holds in the whole of N.
It is convenient to choose another gauge

Us =0, Us =0, (76)
Then (70) and (72) imply

U3 =£g3/g2. (77)
In the gauge (76), equations (30)-(32) read

= (8283) 7 (8: W5~ 3:W2), (78)

B = —(g:g5)" ' W1 U3, (79)

B?=(g2g3) " '0,U3, (80)
whereas equations (27)-(29) become

3aB'-U%B*=0, (81)

9aB>+UWB' = W,B>, (82)

9aB’+ WaB* =8%eq%(g2/g2)U3. (83)
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From (81), (79) and (76), we obtain

2B'=0, (84)

93B! = —(U3)*Wa2/gags, (85)
and (82) for A =2, (76), (79) and (80) yield

3:[(U3)*Wa2/g2g3]1=0. (86)

(86) is the integrability condition for the system (84) and (85). B'is a gauge invariant
quantity and so are the left-hand sides of (84), (85). In order that (85) holds, the
gauge (76) must be chosen in N,

Next, consider a point p, where the function g attains its minimal value on H.
Such a point must exist, as g is continuous and H is compact. Two cases are possible:

(a) There is a curve, I" say, through p such that g is constant along I.

(b) There is a neighbourhood, N, say, of p in H such that (34q), #0andg(r)>q(p)
forany re Ny, r #p.
Assume (a). Then equation (25) implies at T’

q*UAUS =3¢’ U’gas.
This leads either to
q(p)=0
or to
UsU3 =3Ug2), USUS =3U%(gs), UsUs =0,

in any coordinates about I" which satisfy (67) and (68). The last three equations mean
either that

U?=0

at I" or that U3 and U3 are orthogonal linearly independent vectors in the internal
space and so

ANV -U3U2)#0

at I'. However, every point of a neighbourhood of T, except for points at T, is generic,
so (75) holds at it. From continuity, equation (75) must also be true at I, and we
have either

q=0 or U*=0
atI'. Now, look at equation (33). For U* =0, it implies
(1/Vg)oa(Veg*?8pq) + 3k (F2~q*)q = 0

along I'. As g has a minimum at T, the first term, being the Laplace operator, is
non-negative, and so is the second term (as 0<gq <F). The equation can therefore
be satisfied only with

(8408q)r=0 and (q)r=0,

2 2 ..
because the second root of (F°—g)q, F, cannot correspond to a minimum. Hence,
in any case

qlr=0, (0aq)r=0, (0adBq)r=0. (87)
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Using the analyticity of the function g, the existence and uniqueness theorem of
Cauchy and Kovalevska, and the Cauchy data (87) along I', we conclude that (33)
implies for g that

q=0

in a whole neighbourhood of I. This is a contradiction for case (a).

Consider case (b). It is clear that all g-level-orthogonal curves in the neighbourhood
N, of p meet at p. Along any such curve, B! =constant, because of (84). B' asa
gauge- and coordinate-independent quantity, must be continuous at p. Hence

B! =¢ =constant
in the whole of Ni. Then (85) yields
Wz = 0

at any generic point of N;: there is a neighbourhood, N, say, of such a generic point,
in which we can choose the gauge (76). In N2, the magnetic equations (78)-(83) become

B'=(g:g5) 0 W5 =¢, (88)
B*=0, (89)
B’ =x(g2g3) '02(g3/829), (90)
3,B> = %eq, 3:B> =0, 91)
U3B'-W;B’=0, (92)

(We have used (77) where convenient.) Equation (91) can be integrated immediately,
B®=xieq’+C,
where C is constant in N;. Then (90) leads to
32(83/829) = (3eq* £ C)gags. (93)
Equations (92), (88), (90) and (77) imply
92(83/82qW3) =0
or
Wi =w'(x)gs/g29.
Using (88) again, we obtain
02(g3/82q) = cw (x*)gags.

However, this is compatible with (93) only if ¢ =0 in N,. Hence, case (b) is excluded,
too, and we are left with equation (74). In the gauge where B*= 0, we obtain in N

Uk =(us,0), Ui =(0,u3),
where, from (70) and (72),
(u2)* =3U* - (829) (g%’ (u3)> =3U?+(g29) ") (gs). (94)

The equations (27)-(32) become
a:«)B1 =83B3=83u2= W2=0, (95)
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8:B*+u,B>=0, 3:B°—u,B’ =e’q*(g2/g3)us, (96)

u3Bl—W3B3=—ezqz(gs/gz)uz, 97)

B =(g23) " (3: W3+ uzus), (98)

B® = (g2g3)" ' (8au3 — Wiup). (99)
Equations (33) and (34) read

(8283)'92(83/82) — qU* + 3k (F*~q*)q = 0, (100)

) o oy

92(g2us/g3)=0. (102)
Multiplying (97) by g2/gs and using (102) and (95), we have

93(g2W3/g3)=0. (103)

Similarly multiplying equations (98) and (99) by g% and using (102) and (103), we
derive the following relations:

%%
B (35g3) = 222 8355 log 5—3) (104)
g3 82
B(653) =22 (5203 10g &), (105)
g3 82

Suppose that a3g§ #0. Then (104) and (105) yield
Blus—B*W;=0.

Comparing this with (97), we conclude that u, = 0. However, this is precisely equation
(73) which has led to a contradiction. Thus

0382=0. (106)
Now, (102) and (103) imply immediately

03(us/gs)=03(Ws/gs)=0. (107)
(98) and (99) are equivalent to the equations

dus/gs =B g+ u2Ws/gs, 5, W3/gs=B g2~ uaus/gs,
whose right-hand sides are independent of x*. Hence, using (107), we obtain

9302 log uz = d;9, log W3 =0
and so

us = i3(q)A (%), Ws = Wa(q)u(x?).
Equations (107) then yield

83 =& (@A () = (@ (x),
which is possible only if

Ay =Ku(x?)
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for some constant K. Hence, we can write
U3 =3(g)A(x>), Ws = Wi(q)A (x°), g3 =83(q)A (x7).

If we perform the transformation of the coordinate x®
x?= J A(x3)dx?®,

we can transform all the functions u3, W5 and g3 to an x’3-independent form:
9383 =d3u3 =d5Wi.

Summarising, we can say that there is a gauge and a coordinate system in N such
that all independent variables of the theory become independent of one of the
coordinates—namely x'>. Hence, from analyticity, the solution admits a one-
dimensional symmetry group. This group is, in particular, an isometry group on a
two-dimensional Riemannian manifold with a compact topology. Thus, it is an ‘axial
symmetry’.
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